
Problems for Hausel’s Lectures

1. AssumeE andF are stable bundles on a smooth projective curveC of the same slope.

(a) Show that iff : E → F is a non-zero homomorphism then it is an isomorphism.

(b) Deduce that a stable bundleE is simple, i.e. any endomorphism ofE is of the formλIdE.

(c) As a consequence calculate dimT[E]N = dim(H1(C; End(E))) = n2(g − 1) + 1 for a stable
vector bundleE using Riemann-Roch.

(d) Calculate also the dimension of the GLn Hitchin base
⊕n

i=1 H0(C; Ki)!

2. Let M be a non-singular complex algebraic variety. Forx = (m, α) ∈ T ∗M, whereα ∈ T ∗mM
defineθx : TxT ∗M → C given byθx(X) := 〈Tπ(X), α〉, whereX ∈ TxT ∗M andπ : T ∗M → M
is the projection. This defines a 1-formθ ∈ Ω1(T ∗M) the so-called Liouville 1-form. Show that
ω := dθ ∈ Ω2(T ∗M) is a nowhere degenerate 2-form, and because clearlydω = 0 it is a canonical
symplectic form on the cotangent bundle of any varietyM. WhenM = Cn find suitable coordinates
onT ∗Cn to getθ =

∑n
i xidyi and consequentlyω =

∑n
i dxi ∧ dyi.

3. Determine the dimension of the affinization Spec
(

H0(T ∗M,OT ∗M)
)

when (a)M is a smooth projec-
tive curve of genusg (b) M = Pn or more generally a partial flag variety (c)M is a smooth projective
toric variety.

4. LetE be a complex elliptic curve;N a degree 0 non-torsion invertible sheaf onE andP a degree−1
invertible sheaf onE; and letX be the total space of the rank 2 vector bundleN ⊕ P on E. Show
that the algebra of global functionsH0(X,OX) on X is not finitely generated. (Example due to Ravi
Vakil.) (Hint: Consider the natural (C×)2 action onN ⊕ P and deduce that
H0(X,OX) =

⊕∞

k,l=0 H0(E,N−k ⊗ P−l). )

5. Determine the moduli space of rank 1 stable Higgs bundles on a smooth projective curveC. Describe
the Hitchin map explicitly.

6. Consider the spaceVn of monic degreen complex polynomials and show that it is isomorphic with
the space of unordered complexn-tuples. Deduce Chevalley’s isomorphismVn = C

n
� C

n/S n,
where the symmetric groupS n acts onCn by permuting the coordinates. Identify onVn = Cn the
C
×-action induced from multiplying unorderedn-tuples with the same scalar. (The only natural

structure on the spaceVn is thisC×-action - the vector space structure is an accident.)


